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The study of nonlinear competitive equilibrium is of fundamental importance in
understanding the behavior of proteins in preparative ion-exchange chromatographic
separations. In this work we present a steric mass-action (SMA) ion-exchange
equilibrium formalism, which explicitly accounts for the steric hindrance of salt
counterions upon protein binding in multicomponent equilibria. An analytical so-
lution has been derived for the calculation of isotachic effluent profiles of displaced
proteins and induced salt gradients under ideal chromatographic conditions. A
stability analysis has been employed to establish the order of the feed components
in the displacement train. Theoretical predictions are compared to experimental
results for the separation of proteins by cation-exchange displacement chromatog-
raphy. These results demonstrate the efficacy of the SMA formalism in predicting
complex behavior present in ion-exchange displacement systems. Furthermore, the
analytical solution of ideal isotachic displacement profiles with the SMA formalism
enables rapid methods development and optimization of ion-exchange displacement

separations.

Introduction

High performance ion-exchange chromatography is widely
employed for the purification of proteins in the pharmaceutical
and biotechnological industries (Regnier, 1983; Cramer and
Subramanian, 1989). The displacement mode of chromatog-
raphy is rapidly emerging as a powerful preparative biosepa-
ration technique due to the high throughput and product purity
associated with the process (Frenz and Horvéath, 1988; Cramer
and Subramanian, 1990). In contrast to overloaded elution
chromatography, which can often result in significant tailing
of the peaks and dilution of the feed (Knox and Piper, 1986),
displacement chromatography can produce sharp boundaries
and concentrated products during the separation process (Hor-
vath, 1985). Because the process takes advantage of the non-
linearity of the adsorption isotherms, a relatively small
chromatographic column operated in the displacement mode
can process higher feed loads, enabling the purification of large
amounts of material from dilute biotechnology feeds. While
the displacement mode of chromatography has been shown to
possess significant advantages, the lack of an appropriate the-
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oretical framework for the rational design of displacement
separations has significantly impeded its industrial implemen-
tation.

The use of ion-exchange displacement chromatography for
the purification of proteins has been investigated by a number
of researchers (Peterson and Torres, 1983; Liao et al., 1987;
Subramanian and Cramer, 1989; Jen and Pinto, 1991). While
these separations resulted in concentration and purification of
the proteins, the effluent profiles often deviated from tradi-
tional adjacent square wave displacement patterns. Peterson
(1978) observed ‘‘an unexpectedly high concentration of coun-
terions” which resulted from the adsorption of the displacer,
carboxymethyldextran, during the separation of serum pro-
teins. We have also observed induced salt gradients in a variety
of cation- and anion-exchange displacement separations (Ger-
stner and Cramer, 1992; Jayaraman et al., 1992). The induced
salt gradient, caused by the adsorption of the displacer front,
can produce dramatic changes in the behavior of ion-exchange
displacement systems. Clearly, in order to accurately model
ion-exchange protein displacement separations, these salt ef-
fects must be taken into account.
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Traditionally, the characterization of competitive nonlinear
adsorption employs multicomponent Langmuir isotherms. Un-
fortunately, this formalism is thermodynamically rigorous only
when the saturation capacities of the proteins are identical
{LeVan and Vermeulen, 1981). Furthermore, salt effects can-
not be explicitly accounted for in the Langmuir formalism. To
date, the theory of displacement chromatography has almost
exclusively made use of this limited multicomponent formalism
(Helfferich and Klein, 1970; Rhee and Amundson, 1982; Frenz
and Horvath, 1985; Phillips et al., 1988; Yu and Wang, 1989;
Yu and Do, 1991).

The stoichiometric displacement model (SDM) of Regnier
and co-workers (Kopaciewicz et al., 1983; Rounds and Regnier,
1984; Drager and Regnier, 1986) has been used to describe the
chromatographic retention of biopolymers at infinite dilution.
Based on the law of mass-action, this model successfully ac-
counts for the variation of solute retention with mobile phase
salt concentration under linear conditions. Cysewski et al.
(1991) have extended this work to nonlinear single component
ion-exchange systems. Their results show that the isotherm
derived from the law of mass-action is unable to quantitatively
describe adsorption under nonlinear conditions.

The multivalent ion-exchange formalism has also been used
by Velayudhan and Horvath (1988) for the characterization
of multicomponent equilibrium in ion-exchange systems. Ex-
perimentally observed characteristics of protein adsorption such
as ‘‘irreversible”’ binding, sensitive dependence of protein re-
tention on mobile phase modulator (MPM), and the depression
of single component isotherms in the presence of competing
solutes, are well characterized by this formalism.

The major fallacy of the above treatments, which are based
on the law of mass action, is that they assume the binding of
a solute to the stationary phase only effects a number of sta-
tionary phase sites equals to its characteristic charge. As sug-
gested by Velayudhan (1990), bound macromolecules, by virtue
of their size, would be expected to cover significantly more
sites than dictated by their characteristic charge. In fact, this
steric shielding of stationary phase sites plays a major role in
the behavior of nonlinear ion-exchange systems.

In this article we present a rigorous theoretical framework
for the description of nonlinear adsorption in ion-exchange
systems which explicitly accounts for the steric hindrance of
salt counter-ions upon protein binding. Protocols are described
for the experimental determination of model parameters, and
an analytical solution is developed for the prediction of iso-
tachic displacement profiles and induced salt gradients.

Theoretical Development
Steric mass-action (SMA) ion-exchange equilibrium

Consider an ion-exchange resin with a total capacity, A,
equilibrated with a carrier solution containing salt counter-
ions. The SMA formalism employs the following assumptions:

® The solution and adsorbed phases are thermodynamically
ideal allowing the use of concentrations instead of activities.

® The multipointed nature of protein binding can be rep-
resented by an experimentally determined characteristic charge
(Velayudhan and Horvath, 1988).

¢ Competitive binding, in ion-exchange systems, can be rep-
resented by a mass-action equilibrium where electroneutrality
on the stationary phase is maintained.
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Figure 1. Idealized protein binding on an ion-exchange
bed.

$* : sterically hindered salt counterions; S*: nonsterically hindered
salt counterions.

¢ The binding of large macromolecules causes the steric
hindrance of salt counterions (for example, cations in cation-
exchange systems) bound to the adsorptive bed. These salt
counterions are subsequently wnavailable for exchange with
other macromolecules in free solution.

e The effect of the co-ion (for example, anions in cation-
exchange systems) can be neglected in the ion-exchange proc-
ess. (Drager and Regnier, 1986; Velayudhan and Horvith,
1988).

e Equilibrium parameters in the SMA formalism are con-
stant and independent of solute and salt counterion concen-
tration. Thus, nonideal effects such as aggregation or changes
in the tertiary structure of the protein are not accounted for.

Consider the adsorption of a protein with characteristic
charge, v,. Upon binding, the protein interacts with », sta-
tionary phase sites, displacing an equal number of monovalent
salt counterions. For the sake of simplicity, the equilibrium
expressions in this article will be developed for a monovalent
salt counterion. For an rn-valent salt, », would represent the
ratio of the protein and counterion characteristic charges. As
seen in Figure 1, the adsorption of the protein also results in
the steric hindrance of salt counterions. These sterically hin-
dered salt counterions are unavailable for exchange with the
protein in free solution.

Single component equilibria

The stoichiometric exchange of the protein and exchangeable
salt counterions can be represented by,

Ca + V{Z@S@ Qa + V(ICS (1)

where C and Q are the mobile and stationary phase concen-
trations, and the subscripts ¢ and s refer to the protein and
salt, respectively. The overbar , denotes bound salt counter-
ions available for exchange with the protein. The equilibrium
constant, K,, for the ion-exchange process is defined as:

2.\ (C\™
K={=|{= 2
(ca 2} @
The total concentration of sterically hindered salt ions, &,
unavailable for exchange with the protein is given by:

Qi=0.Q, 3
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where g, is the steric factor of the protein. After adsorption
of the protein, the total concentration of salt on the stationary
phase, Q,, is given by the following expression.

0,=0,+0,0, 4

Electroneutrality on the stationary phase requires:

A=0,+ (2,+0,)0, )

Substituting Eq. § into Eq. 2 and rearranging yields the fol-
lowing implicit isotherm.

(eN( o\
Co= <K> <A— Gt o,,>Q,,> ©

Given the mobile phase concentrations and the bed capacity,
Eq. 6 implicitly defines Q,, the equilibrium stationary phase
concentration of the protein. Once Q, is determined, the sta-
tionary phase concentration of exchangeable salt counterions,
Q,, is readily calculated from Eq. 5. The total concentration
of salt counterions, Q,, is then given by Eq. 4. Equilibrium
between a protein, salt counterion and the adsorption bed will
be referred to as the protein’s single component isotherm.

Consider the following limiting cases for a single component
SMA isotherm. Under linear conditions (that is, C,—0, Q,=0)
the isotherm reduces to:

lim Q,=K, (%) ’ C, )

C,~0

As expected, the initial slope of a single component isotherm
decreases exponentially as the mobile phase salt concentration
increases. Under overloaded conditions (that is, C,— o and

Q,=0) the isotherm approaches:

) A
lim Q,=

=g it}
C,~ o g, +v,

In contrast to a single component Langmuir isotherm, the

saturation capacity of an SMA isotherm, Q7*, is independent

of the mobile phase salt concentration. In practice, however,

only at sufficiently low mobile phase salt concentrations does

the isotherm actually approach this limiting value.

As shown by Eq. 8, the sum of the characteristic charge and
the steric factor provides a direct relationship between the bed
capacity and the saturation capacity of a given solute. An
important feature of the SMA formalism, which distinguishes
it from previous theoretical treatments, is the incorporation
of the steric factor. Without this additional degree of freedom,
the saturation capacity of a given solute is preordained by the
ratio of the bed capacity and the solute’s characteristic charge.

Experimentally, this is seldom the case for large biomolecules
(Cysewski et al., 1991; Gadam et al., 1992).

Multicomponent equilibria

Competitive multicomponent equilibrium can be formulated
as a simple extension of the above single component steric
mass-action equilibria. For a system of »n proteins and one
salt, n equilibrium expressions representing the stoichiometric
exchange of each individual protein with the salt (that is, com-
ponent 1) can be written as:

CH+v0,9Q:i+vC,  i=2,3,...,n+1 )

with the following equilibrium constants:

_(2\ (&)
K= (c,) <§1> i=2,3,...,n+1 (10)

The electroneutrality condition, for n+ 1 components, be-
comes:

n+1

A=Qi+ Y] (n+0)Q, (11)

i=2

Equations 10 and 11 provide n + 1 equations which implicitly
define the multicomponent equilibrium for z proteins and the
salt counterion.

Variable coefficient multicomponent Langmuir analog

Written in the form of a variable coefficient multicomponent
Langmuir isotherm, the stationary phase concentration of
component j can be expressed as (see appendix 1 for deriva-
tion):

Aa;,C,

Q=2 j=1,2,...,n+1  (12)

Z a1 (0;+v)C;

i=1
where the separation factors are defined as,

QI/CI Ql e
= =K;| = =1, 2, ., n+1 13
w=5¢ %\ ’ nrl (3

For a three component system consisting of salt (K, =1,»,=1,
and o, =0) and proteins 2 and 3, the variable coefficient mul-
ticomponent isotherms are:

AC,

0, =
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Cl+(Uz+V2){K12(%> }C2+(03+V3){K13<%> }Cs
1 1
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Q.=

Ci+ (0, v) {Klz(

O

=

Q) )

v—1 y3—-1
) Cz+(03+V3){K13<%> }Cl

Q}Z =\ 2 Vi1
G+ (02+V2){K12(Q‘1> }C2+(U3+V3){K13<%> }CS
1 1

Writing the equilibrium expressions in this fashion decouples
the system of Egs. 10 and 11, allowing for the solution of a
single implicit equation. The calculation of multicomponent
equilibrium concentrations first requires the implicit solution
of Eq. l4a for the stationary phase concentration of ex-
changeable salt counterions, Q,. The stationary phase concen-
trations of the proteins can then be calculated directly from
Eqgs. 14b and 14¢. As seen in Egs. 14a-c, the traditional Lang-
muir parameters are in fact exponential functions of the mobile
and stationary phase salt concentrations.

Determination of Equilibrium Parameters
Moderately retained proteins: log k’ vs. log [salt} method

The isotherms defined above require the determination of
the bed capacity, A, and three independent solute parameters:
the characteristic charge, v;; the equilibrium constant, K; and
the steric factor, ;. The bed capacity can be measured in-sifu
using frontal chromatography (Bentrop and Engelhardt, 1991;
Gadam et al., 1992) or in a batch titration experiment. Under
linear conditions, well established relationships for protein ion-
exchange can be employed to determine the equilibrium con-
stant and characteristic charge (Kopaciewicz et al., 1983; Reg-
nier and Mazsaroff, 1987; Velayudhan and Horvath, 1988).
For a single component 7, under linear conditions, the capacity
factor, k', is defined as (Wankat, 1990):

_afQ)
k =B<C5) = (15)

where 8 is the column phase ratio, ¢, is the retention time of
the protein and £, is the retention time of an unretained solute.
Substituting for the stationary phase concentration (Eq. 7),
the capacity factor can be written as:

’ A "
k =BK|,-(E> (16)

Taking the logarithm of both sides yields:
log k' =log (BK,;,A”) —v; log C, (17)
A plot of the logaritm of the capacity factor vs. the logarithm

of the mobile phase salt concentration should yield a straight
line with the following properties.
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(14b)

(14¢)

slope= —», (18a)

intercept = log (8K ;A”) (18b)

Thus, from the linear elution behavior of the solute under
various mobile phase salt conditions one is able to determine
the characteristic charge, »,, and the equilibrium constant, K;;.
The steric factor, which requires information from the non-
linear portion of the isotherm, can be determined independ-
ently from a frontal experiment. The breakthrough volume,
Vi, of a front can be related to the mobile and stationary phase
concentrations of the solute by the following expression (Wan-
kat, 1990).

V= V0<1 B %) (19)

i

where ¥V is the breakthrough volume of an unretained solute
(that is, the column dead volume) and C; is the feed concen-
tration of the solute. The equilibrium relationship (Eq. 6) can

be written as:
QO C "
Ko={ZV{—
! <Cf, A—(v+0)Q, 20)

Substituting Eq. 19 into Eq. 20 yields the following expression:

1 (Vg C Vi
K 11:5 —I};_ 1 C v 2D
A— (vi+a) 2 (£
B \V
Solving for the steric factor, o;, yields:
H /v
;= Cfﬂ [A Cl <5K) } bl (22a)
where
V,
M= <7”— 1) (22b)
0

Thus, the steric factor, o;, can be calculated directly from
the breakthrough volume, V3, using the above equation in
concert with the values of the characteristic charge and the
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Figure 2. ldeal solute front and corresponding induced
salt gradient.

equilibrium constant determined independently from the log
k' analysis.

Once the protein’s equilibrium parameters are determined,
the SMA isotherm can be constructed at any mobile phase salt
concentration. This is in contrast to a Langmuirian isotherm
which requires the measurement of equilibrium parameters at
each mobile phase salt condition.

Determination of equilibrium parameters: Strongly re-
tained displacers: integration of induced salt gradient
method

Proteins with moderate retention are well suited for char-
acterization by the linear elution method described above. Un-
fortunately, solutes which are very strongly adsorbed (for
example, displacers) generally display log £’ plots with very
steep slopes (that is, high characteristic charges). Experimen-
tally, these solutes exhibit regions with very strong retention
or no retention at all. To circumvent this experimental diffi-
culty, the characteristic charge can be determined by measuring
the amount of salt displaced in a frontal experiment (Gadam
et al., 1992). The characteristic charge of the solute is defined
as the ratio of the amount of salt displaced and the amount
of solute adsorbed.

moles salt displaced (n,)

characteristic charge= 23
& moles solute adsorbed (#n;) (23)
As seen in Figure 2, the moles of salt displaced, n,, is:
Vg
m=|"(Cc-Chav=aci(ve-w) @4
vy

where C? is the initial carrier salt concentratinn and AC, is the
increase in salt concentration caused by the adsorption of the
solute front. The moles of solute adsorbed, 7, is:

n;= ij( Ve—Va) (25)

Combining Eqs. 23-25 yields the following relationship for
the characteristic charge.

nl_Acl

" T (26)
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Thus, the characteristic charge of strongly retained dis-
placers can be determined by simply measuring the increase in
salt concentration caused by the adsorption of the front. This
procedure is generally applicable to any solute and can also
be used as an independent verification of the characteristic
charge determined from a log &’ analysis.

For solutes with very strong adsorption, the concentration
of adsorbed solute, Q,, approaches its saturation capacity,
Qore. If the frontal experiment used to determine the char-
acteristic charge is performed at sufficiently low mobile phase
salt concentration, Q; can be assumed to equal to Q7. The
steric factor can then be calculated directly from the following
equation:

A
[ Ehe———l (27)
or
where Q"™ is given by:
Cf VB
= —— ] 28
or 5 (Vo ) (28)

One should use caution when determining the steric factor
from Eq. 27. This equation is only applicable under conditions
where the solute completely saturates the stationary phase.
Typically, the highly charged polymers used as displacers in
our laboratory approach square isotherms that are essentially
invariant under low mobile phase salt conditions. In these
instances, the assumption of complete saturation of the bed
is reasonable, and the frontal analysis is justified.

Having determined the characteristic charge and steric fac-
tor, a second frontal experiment is employed for the deter-
mination of the equilibrium constant. This experiment is
performed under elevated mobile phase salt conditions where
the solute does not completely saturate the bed. The equilib-
rium constant is then calculated directly from the breakthrough
volume, V3, using Eq. 21 and the independently determined
values of the characteristic charge and steric factor.

Calculation of Ideal Displacement Profiles
Analytical solution

Given a column of sufficient length, under appropriate ad-
sorptive conditions, displacement chromatography results in
the formation of a displacement train containing the feed com-
ponents in adjacent pure zones. Under such isotachic condi-
tions, the species velocities of the pure components in the
displacement train are identical and equal to the velocity of
the displacer. Traditionally, a local equilibrium treatment of
isotachic displacement profiles (Horvath et al., 1981; Wankat,
1990) employs single component Langmuir isotherms in con-
cert with a Jisplacer operating line (drawn from the origin to
the point on the displacer isotherm corresponding to the inlet
displacer concentration). The slope of the operating line defines
the velocity of the feed components as well as the displacer.
The intersections of the operating line with the feed component
isotherms define the isotachic concentrations of the feed com-
ponents.

In ion-exchange displacement chromatography, adsorption
of the displacer produces an induced salt gradient which travels
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ahead of the displacer. This increase in salt concentration is
seen by the feed components traveling in front of the displacer
and results in a depression of the feed component isotherms.
Thus, determination of ideal ion-exchange displacement pro-
files reduces to a problem of determining the local salt mi-
croenvironment for each feed component in the isotachic
displacement train.

The velocity of the displacer front can be calculated, a priori,
using the following expression (Wankat, 1990).

Uy
*
1+B-Q%
d

ud = (29)

where u, is the chromatographic velocity, CJ is the feed con-
centration of the displacer and the superscript, *, refers to
single component equilibrium values in the isotachic displace-
ment train. The ratio Q)/C; can be determined, implicitly,
from the displacer’s single component SMA isotherm (Eq. 6).

0, K., <ﬂ’_+°_d)g:) " (30)

Cs (Chya

where (C,)] is the concentration of salt the displacer sees (that
is, the carrier salt concentration).

Consider the case where the feed consists of n proteins.
Under isotachic conditions, equality of individual species ve-
locities implies:

* * * *
QO Cunr Qu
¥ = FEER =

Cz C; Cn+ 1 C;

& 31

where § is the slope of the displacer operating line.

In a fully developed ideal displacement train, the feed com-
ponents are present in adjacent zones of pure material. Thus,
the single component equilibrium expression (Eq. 6) can also
be used for each feed component in the fully developed dis-
placement train. Combining Egs. 6 and 31 yields the following
expression.

'} i=2,3,...,n+1 (32

where (C;); is the salt concentration feed component i sees
in the final isotachic displacement profile.

Figure 3 presents a hypothetical ideal ion-exchange displace-
ment profile and corresponding induced salt gradient. For a
single solute, it has been shown (Eq. 26) that adsorption of a
front produces an increase in salt concentration equal to the
product of the characteristic charge and the feed concentration.
In Figure 3, the increase in salt concentration, A(C,),, at V=1.0
mL (that is, V}), is due to the introduction of the feed com-
ponents and is given by:

n+1

A(C);= D vC; 33)

i=2

1974 December 1992
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Figure 3. ldeal displacement profile and corresponding
induced salt gradient.
(Cotumnn dead volume: 1.0 mL; feed volume: 1.0 mL).

This induced salt gradient results from the feed components
displacing salt from the initially saturated bed. Similarly, the
increase in salt concentration caused by the introduction of
the displacer, A(C)),, at V=2.0 mL (that is, V,+ V,, where
the feed volume, V}, is 1.0 mL) is given by:

A(C)g= VdCf, (34

An analogous expression can be written for the change in
salt concentration at the boundary between two components
in the isotachic displacement train. Consider the boundary
between feed component 3 and the displacer. The change in
salt concentration at the boundary, A(C,);ﬁ, is given by (see
Appendix 2 for derivation):

* * *
A(Cy) g3 =v4Cy — 1 Cs (3%)
This change in salt concentration corresponds to the difference
between the amount of salt displaced by the displacer and the
amount of salt already displaced by component 3.

The concentration of salt in the zone of pure species 3, (C))1,
can be written as (see Figure 3):

(C)s =CY+ A(Cy) s (36)

In general, for a feed containing » proteins, the concentration
of salt in the ith zone of pure species i can be written as:

(C)] =C3+ A(C a1+ A(Cms 1
o+ A(C)L BT

Substituting the general form of Eq. 35 for each A(C, ),-f,f yields,

(C)); =C8+ (v4Cq — vy 1Cir )
+@peiCrs1 = 2,Cr) ¥ -+ (9 Crai —%C)  (38)

Equation 38 reduces to the following general relationship for
the concentration of salt in the ith zone of pure species i:

(C); =Cl+v,Cy —»C  i=2,3,...,n+1 (39)

Substituting Eq. 39 into Eq. 32 and solving for (C,); results
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in the following expression for the concentration of salt in the
zone of pure species i, under the induced salt gradient con-
ditions.

A- (c?+udc,d)a<1 +%>

i

() -(3)3

Equation 40 defines the local salt microenvironment each feed
component sees in the isotachic displacement train. The iso-
tachic concentration of feed component / can then be calculated
directly from the following equation.

. A 1/v;
A—(C) (K_>
% 1

cC=-——— j=2,3,...
(v;+0,)A !

(), =

i=2,3,...,n+1 (40)

,n+1 (@41

Finally, the volume (that is, width) of the isotachic displace-
*

ment zone, V;, is determined from a mass balance to be,

C
vi=v, =

i

i=2,3,...,n+1 (42)

Thus, once the slope of the displacer operating line is de-
termined (Eq. 30), the breakthrough volume can be calculated
from Eq. 19. The local salt microenvironment for each feed
component can then be calculated from Eq. 40. Finally, the
concentrations and widths of the isotachic zones are deter-
mined using Egs. 41 and 42, respectively.

Stability analysis and selectivity reversal

The development to this point allows for the determination
of the concentration and volume of each pure component zone
in the isotachic displacement train under induced salt gradient
conditions. The elution order of the feed components has yet
to be addressed. An important feature of the SMA equilibrium
formalism is separation factors which are not constant. Since
the separation factors vary with the concentration of salt, there
exists the possibility that the order of the feed components in
the coherent displacement train may change under different
operating conditions.

To determine the order of the feed components in the ideal
ion-exchange displacement train, we will employ the procedure
put forth by Antia and Horvath (1991) for reversed phase
systems. This procedure essentially involves examining the ve-
locity of trace components in adjacent displacement zones
relative to the velocity of the displacement train. Consider a
coherent displacement train with adjacent zones of feed com-
ponents A and B, followed by the displacer D.

For this system to be stable, the following relationships apply
(Antia and Horvath, 1991):

and

where C,= C;

and C,—0 @49

0
(2) -
Cb -

where the superscript, °, connotes the trace component. Equa-
tion 43 relates the velocity of trace A in the zone of pure B to
the velocity of the displacement train. Likewise, Eq. 44 relates
the velocity of trace B in the zone of pure A to the velocity
of the displacement train. When both stability conditions are
satisfied, the isotachic A-B separated state is stable.

Clearly, the above equations depend on the multicomponent
isotherms describing the competitive adsorption of compo-
nents 4 and B. In the present development we will employ the
SMA formalism to represent the competitive behavior of sol-
utes A and B in the presence of salt (1).

Consider Eq. 43. The equilibrium expression for solute A
in the presence of solute B can be written as:

<%> :KM<A— (ha+9) Q00— <vb+o,,>Q,,> " s

C, G

Taking the limits as C,—~0 and C,—C, yields the following
expression for trace A in the zone of pure B.

0 *\ v,
<%> ~Ki, (A———‘ SLhi ‘1")Q”> 46)
o/ c; (Cy

Substituting Eq. 46 into Eq. 43 and simplifying yields the
following stability requirement:

K[ 8 \=
g P 47
5 (K,f,) < @7

Surprisingly, the analogous expression derived from Eq. 44 is
exactly the same. Thus, the stability requirements can be de-
fined by the following single equation.

Ko\ (K"
< 6) < ( 3 48)

Solving Eq. 48 for 8, the slope of the displacer operating line,
yields the condition at which selectivity reversal takes place.

K"\ —
5., (=t Y»n-7
a,b = Klb,’a

When the slope of the displacer operating line is greater than
8, the elution order of the feed components in the isotachic
displacement train will be 4-B. Conversely, the elution order
will be B-A when the slope of the operating line is less than
8,5 Interestingly, while the SMA formalism predicts the ex-
istence selectivity reversals, it does not predict the formation

for v,> v, (49)

0 0 where C.=C' of ““adsorption azeotropes’’ (Antia and Horvath, 1991) in ion-

(ﬁ) <d d Cb B 0 b 43) exchange displacement separations. Furthermore, the selectiv-

“c an ‘ ity of feed components in the isotachic displacement train is
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Figure 4. Simulated displacement separation of a-chy-
motrypsinogen and cytochrome-c using a 40
kd DEAE-Dextran displacer.

Equilibrium parameters (Gadam et al., 1992), a-chymotrypsi-
nogen: r=4.8, ¢=49.2, K=9.22x107%; cytochrome-c: »=6.0,
0=53.6, K=1.06x10"% DEAE-Dextran: v=64, o=130,
K =5.45% 10%; bed capacity: A =567 mM.

independent of the steric factor. This is not surprising since
the characteristic charge and equilibrium constant determine
the protein’s affinity for the stationary phase while the steric
factor determines the protein’s saturation capacity.

Results and Discussion

Our laboratory has experimentally determined the SMA
equilibrium parameters for an assortment of proteins and dis-
placer compounds (Gadam et al., 1992). In addition, a number
of displacement separations have been developed on both ca-
tion- and anion-exchange supports using a variety of displacers
(Jayaraman et al., 1992; Gerstner and Cramer, 1992). The
ideal SMA displacement model, in concert with the stability
analysis, was employed to simulate the displacement purifi-
cation of a-chymotrypsinogen and cytochrome-c using a 40
kd DEAE-Dextran displacer. As seen in Figure 4, the model
predicts that perfusion with the DEAE-Dextran displacer will
result in displacement of the proteins along with an induced
salt gradient. In addition, the proteins see different salt con-
centrations in the fully developed displacement zones. The salt
concentrations in the a-chymotrypsinogen and cytochrome-c
zones are 120 and 116 mM, respectively, in contrast to the 75
mM salt present in the carrier. The SMA model was also used
to generate the adsorption isotherms of the proteins and dis-
placer under the initial carrier conditions, as well as those
present in the final isotachic profile. As seen in Figure 5, the
isotherms are significantly depressed under the induced salt
gradient conditions. Furthermore, the isotherm of DEAE-Dex-
tran lies below and crosses the protein isotherms. Although
the isotherm of DEAE-Dextran does not lie above the protein
isotherms, the simulation predicts this separation will result in
a fully developed displacement train with the displacer emerg-
ing after the feed components.

This displacement experiment was carried out by Jayaraman
et al. (1992). As seen in Figure 6, the experimental results are
in excellent agreement with the predictions of the model. Both
the induced salt gradient and the displacement profiles match
well with the theoretical predictions. Furthermore, the sepa-
ration is well characterized by the intersections of the displacer
operation line and the feed component isotherms, under the
induced salt gradient conditions (Figure 5b). Clearly, neglect-
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Figure 5. SMA isotherms of «-chymotrypsinogen, cy-
tochrome-c and 40 kd DEAE-Dextran.

a) Initial carrier salt conditions; b) Induced salt gradient condi-
tions.

ing the altered salt microenvironment in the isotachic zones
would produce erroneous results.

This displacement differs from the traditional vision of dis-
placement in several important ways:

¢ The isotherm of the displacer does not lie above the iso-
therms of the feed components.

* The concentration of the displaced proteins exceeds the
concentration of the displacer.

e Theinduced salt gradient caused by the displacer produced
different salt microenvironments for each displaced protein.

Conclusions

The theoretical and experimental results presented in this

16 150
e L e 125
12 : e—— 11
o
! ; i 100
Na+ : o
Conc. | rom—~ ; [ PR 75 Na+
(mM) ; (mM)
1 50
04 DEAD
" {25
Dextran
0.0 0
1 2 3 4 5

Elution Volume (m!)

Figure 6. Experimental displacement separation of «-
chymotrypsinogen and cytochrome-c using a
40 kd DEAE-Dextran displacer.

Column: 100 X 5 mm 1D strong cation exchanger (8 um); carrier:
7S mM sodium phosphate buffer, pH 6.0; flow rate, 0.1 mL/
min; fraction volume, 100 xL; displacer concentration, 0.75 mM;
feed, 0.9 mL containing 0.74 mM «-chymotrypsinogen and 0.88
mM cytochrome-c. (Reproduced with permission from Jayaraman
et al., 1992).
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article demonstrate the utility of the SMA formalism in pre-
dicting complex behavior in ion-exchange protein displacement
systems. Furthermore, the development of a rapid method for
obtaining ideal isotachic displacement profiles and the pre-
diction of selectivity reversals with this formalism facilitates
methods development and optimization of ion-exchange dis-
placement separations.

While the idea/ SMA displacement model presented here
lends significant insight into isotachic displacement behavior,
it gives no insight into the transient behavior of these systems.
The development of a model incorporating the effects of mass
transfer and enabling the characterization of transient behavior
will be the subject of a future article.
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Notation

mobile phase concentration solute i, mM

C, = feed concentration solute i/, mM
C; = isotachic mobile phase concentration solute i, mM
CY = carrier salt concentration, mM
A(C,); = change in salt concentration due to a front solute /, mM

A(Cy);, = change in salt concentration at a boundary between sol-
utes / and j, mM

k’ = capacity factor, dimensionless
K = equilibrium constant, dimensionless
n; = moles solute {, mol
(n,); = moles of salt displaced by a front of solute /, mol
(n,); = moles of salt remaining on the stationary phase after
saturation with solute i, mol
Q; = stationary phase concentration solute i, mM
O = isotachic stationary phase concentration solute /, mM
Q, or Q, = stationary phase salt concentration (sterically nonhin-
dered), mM
¢, = stationary phase salt concentration (sterically hindered),
mM
Q™ = stationary phase saturation capacity solute i/, mM
ty = breakthrough time, s
t, = breakthrough time of an unretained solute, s
u = linear velocity, cm/s
u, = chromatographic velocity, cm/s

v; volume (width) of the isotachic zone containing feed com-
ponent /, ml

Vy = breakthrough volume, mL

V, = feed volume, mL

V, = breakthrough volume of an unretained solute (that is,
column dead volume), mL

V, = stationary phase volume, mL

Greek letters

separation factor, dimensionless

column phase ratio, (1 — e7)/€7, dimensionless

slope of displacer operating line, dimensionless

er total porosity (that is, inter- and intraparticular), di-
mensionless

stationary phase capacity (monovalent salt counterions),
mM

characteristic charge, dimensionless

retention parameter (Eq. 22), dimensionless

steric factor, dimensionless

o R
o

-
I

a A«
nono
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Appendix 1 (Derivation of Eq. 12)
The stationary phase electroneutrality condition is defined
as (Eq. 11):

4l

A=D] Oila+w) an

i=1

Multiplying both sides by Q,, and dividing by the summation
yields:

AO:;
Q=7 & (Al.1)
Z Q,‘(O,"f‘ll,)

Multiplying the numerator by C;/C; and each term in the sum-
mation by C,/C; results in:

A(Q/C)C,

Qf: n+l
>3 (Q/C) (a4 ) C;

i=1

(Al.2)

Dividing the numerator and denominator by Q,/C, gives:

Q/C;
AM=—=I)C;
<Q1/C1> ’
Qj=n+l o/C (Al.3)
Z (m) (o:+»)C;

i=1

The separation factors are defined as:
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0/C

== Al.4
5./C, (ALY

[o5]

Substituting Eq. Al.4 into Eq. A1.3 yields the following vari-
able coefficient multicomponent Langmuir analog.

A C;
Q=i (12)
Zﬂfu(ﬂi“‘”l)ci

i=t

Appendix 2 (Derivation of Eq. 35)

Consider the adsorption of a front of component / on a
column initially equilibrated with salt counter-ions. The amount
of salt displaced by component i (n,),, is (Eq. 24):

(n));=AC, (Vg — V0)=Vicﬁ(VBi_ Vo) (24
and the amount of salt remaining on the bed, (n));, is:

(m) =AVp=vCp(Vai— Vo) (A2.1)
Now, subject the column to a second front of component j.
The amount of salt remaining after saturating the bed with
component j, (n,)/, is:
(m); = AV, = 0,C; (Vi = Vo) (A22)
The difference between (n;)/ and (n,); is the amount of salt
displaced by component j, (n,),.
(n);=v,Cr (Vg — Vo) _Vin,(VBi_ o) (A2.3)
Dividing by the retention volume of component j gives the

increase in salt concentration at the boundary between com-
. . *
ponents i and j, A(Cy);

(”1)/ (Vei— Vo)

AC)i=—— =y OO, =2 (A24
=, vy =S G, Ty AR

Under ideal isotachic displacement conditions, the velocities
of feed components / and j are equal and defined by that of
the displacer. If the breakthrough volumes of the two fronts
inthe above example are equal (that is, the velocities are equal),
the behavior of the boundary between components / and j will
be the same as a boundary in an isotachic displacement train.
In fact, this thought experiment is the trivial displacement of
a single feed component. Equating the breakthrough volumes
in Eq. A2.4 yields the following expression for the change in
salt concentration at an isotachic boundary between compo-
nents / and J.

A(C)i=v,C -G, (35)

where the feed concentrations in Eq. 35 are isotachic concen-
trations.
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